ANY SMOOTH PLANE QUARTIC CAN BE 
RECONSTRUCTED FROM ITS BITANGENTS 



DAVID LEHAVI 

Abstract. In this paper, we present two related results on curves of 
genus 3. The first gives a bijection between the classes of the following 
objects: 

• Smooth non-hyperelliptic curves C of genus 3, with a choice of an 
element a £ Jac(C)[2] \ {0}, such that the cover C — > \Kc + 
does not have an intermediate factor; up to isomorphism. 

• Plane curves £, Q ^ and an element in (3' G Pic(£)[2] \ {0}, 
where E,Q are of degrees 3,2, the curve E is smooth and Q,E 
intersect transversally ; up to projective transformations. 

We discuss the degenerations of this bijection, and give an interpretation 
of the bijection in terms of Abelian varieties. Next, we give an applica- 
tion of this correspondence: An explicit proof of the reconstructability 
of any smooth plane quartic from its bitangents. 



1. Introduction 

1.1. It is a classical result that any smooth plane quartic, has exactly 28 bi- 
tangents. The properties of these bitangents were a popular research subject 
from the second half of the 19th century, until the 1930's (Cayley, Hesse, 
Pliicker, Schottky, Steiner, Weber). A natural question to ask is: 

1.2. Question. Can a smooth plane quartic he reconstructed from data re- 
lated to its 28 bitangents ? 

1.3. Various partial answers were given. Aronhold proved (see |KWj p. 
783 for a proof ) that smooth plane quartics can be reconstructed from 
certain 7-tuples of bitangents called "Aronhold system" . Recently Caporaso 
& Sernesi proved in |CSlj that a generic curve of degree d > 4 is defined by 
its bitangents, and in |CS2j that a generic curve of genus g > 3 is determined 
by the image of its odd theta-characteristics under the canonical embedding. 
The proof in both papers is identical in the plane quartic case. It involves 
degenerations. Thus to the best of this authors knowledge, can not be made 
either non-generic or constructive. 
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The main theorem of this paper is: 

1.4. Theorem. Any smooth plane quartic C can be reconstructed from its 
bitangents. 

1.5. The proof is exphcit - one can derive an exphcit formula from the proof. 

1.6. Notation. The following notation is kept throughout the paper: We fix 
the ground field as C (see Remark 12.101 regarding other fields). We consider 
pairs (C, a), where C is a smooth curve of genus 3, and 

a G Jac(C)[2] \ {0}, 

such that the linear system \Kc + a\ does not have base points. 

1.7. In the course of the proof (in Theorem 11.8)1 we identify three moduli 
spaces: 

1.8. Theorem. There is a coarse moduli space isomorphism between the 
moduli of the following sets of data: 

• Pairs (C, a) (see Notation M.b]) such that the cover C — > \Kc + a\* 
does not have an intermediate factor; up to isomorphisms. 

• Pairs {Y/E,(3') such that Y/E is a ramified double cover of irre- 
ducible smooth curves of genera 4,1 respectively, (3' £ Pic(£')[2] \ 
{0}; up to isomorphisms. 

• Plane curves configurations E,Q ^ F'^, of degrees 3,2 respectively 
and an element /3' G Pic(i?)[2]\{0}, such that the curve E is smooth, 
and the curves Q, E intersect transver sally; up to projective trans- 
formations. 

1.9. The generic case of Theorem 11.81 is classical (see |(JdI section 48, |B(yj . 
|Dolj . |Dol2j ). The view presented here has the following advantages over 
the classical view: 

• We describe some degeneration loci: The hyperelliptic locus is de- 
scribed in Theorem I5.1UI and Proposition 14.61 The locus for which 
the cover C — > \Kc + a\* has an intermediate factor is described 
in Section 13 

• We use the fact that Theorem ll.8l is not generic, and the description 
of the degeneration loci, to prove Theorem 11.41 

• In the last part of section we give an Abelian varieties interpreta- 
tion of Theorem II. 8( relating the Jacobians of the curves C, Y, E. 
This interpretation is useful in evaluating Abelian integrals (see 
iLi). 

In the proof of Theorem 11.41 we use the classification of finite 2-transitive 
groups. See Remark 12.111 for details. 

Acknowledgments. I thank Ron Donagi, Hershel Farkas, Assaf Libman, 
Shahar Mozes, Christian Pauly and Christophe Ritzenthaler for the illu- 
minating conversations we had during my work on this paper. Igor Dol- 
gachev helped me put this work in the correct historical perspective. Dan 
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Abramovich and Tamar Ziegler helped me bring it to a readable form. Most 
of all I thank Ron Livne for introducing me to genus 3 problems, for his 
insights, and for his enormous patience with my arguments. 

2. Technical Background 

2.1. Definition. Let X be a curve of genus 2g — l,i : X — > X a fixed point 
free involution. Define Y := X/i. Note that the genus of Y is g. Consider 
the morphism Norm : Jac(X) — > Jac(y). Mumford showed (see |Mum3j 
p. 331) that 

ker(Norm(i)) = PqUPi, 

where the variety Pq C Jac(X) is a principally polarized Abelian variety, of 
dimension g — 1, and the variety Pi is a shift of Pq. Moreover: 

ex n Po = 2H, 

where H is a principal polarization on Pq. The variety Pq is called the Prym 
variety of the double cover X — > Y. 

2.2. Definition. Beauville generalized definition 12.11 (see ■Be; ') to the class 
of singular curves X such that: 

• X has only ordinary double points. 

• The only fixed points of i are the singular points of X. 

These covers are called admissible covers. 

2.3. Definition. The Prym variety is defined for any double cover, as the 
component of ker(Norm). However, in this case, the Prym variety is not 
necessarily principally polarized. 

2.4. Lemma ( |DLj . Lemma 1). Let n : C — > C be an admissible double 
cover, and let i^tt : vC — > vC be its partial normalization at r > 1 points 
xi . . .Xr € C. Let g be the arithmetic genus of the partial normalization 
vC , so the arithmetic genus of C is g + r. Then Prym(C/C) has a prin- 
cipal polarization, Yvym.{yC / uC) has a polarization of type 2^1^~^, and the 
pullhack map 

zy*Prym(C'/C) — > Vvjui^vC / uC) 
is an isogeny of degree 2'^~^ . 

2.5. Notation. Given a ramified double cover vr : C — > C, with ramifi- 
cation points xi . . . Xr, choose a partition to pairs on a subset of xi . . . x^. 
Denote these pairs by xi^i,xi^2, • • • ,Xj^i,Xj^2- We define the singularization 
on these pairs to be the double cover C — ^ C where: 

C := C/ ~ xi^2, Xj^i ~ Xj^2} 

C' ■■= C/{tt-\xi^{) ~ ^-i(xi,2), . . . , vr-i(x,,i) ~ ^-^x,- 2)}. 
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2.6. We will use the symplectic structure on Jac(C)[2] (for a construction 
of this structure, in an Abelian varieties context, see |Mumlj p. 183). Let 
C be a curve, and let L be a theta characteristic of C. Then 

q : Jac(C)[2] — > Fa 

a /i°(L + a) + /i°(L) mod 2 

is a quadratic form over F2. The Weil pairing on Jac(C)[2] is given by 

{a,P) =qia + p)-q{a)-qil3). 

Mumford showed (see |Mum2j p. 184) that the form q is locally constant on 
families. 

2.7. Notation. Denote by K(y) the total field of functions of a scheme V. 

2.8. Lemma (The monodromy argument). Let X be an irreducible scheme, 
Z a finite irreducible Galois extension. Let U, V be intermediate extensions. 
The following decomposition (to irreducible components) holds: 

K{VxxU)= K{V)VK{U'). 

U,U' are Galois conjugates 

Proof. This follows from the Galois correspondence. □ 

2.9. Typically, we will use the monodromy argument (Lemma 12. 8|) in the 
following setting: 

• X parameterizes curves of genus 3 with some open constraint. 

• Z adds full level 2 structure to X. 

The monodromy group in this case is the group 5*^6(2) (see |Har) Result 
(ii), p. 687). 

2.10. Remark. Most of the techniques we use are algebraic. We list here 
the few parts in which we use analytic arguments, or arguments that use 
high enough characteristic of the ground field F: 

• Donagi's dictionary for the trigonal and bigonal constructions (see 
|Doj p. 74 and p. 68-69 respectively) requires char(F) 7^ 2, 3 

• In the proof of Theorem 11.41 we use Harris's theorem on the Galois 
group acting on the bitangents of a plane quartic (see |Harj , Result 
(ii), p. 687. Note that the group 5^6(2) is denoted there as 06(2))- 
Harris's proof is analytic. In |GGNPW] p. 46, there is a sketch of an 
algebraic calculation of this Galois group over a hyperelliptic curve 
(with odd theta characteristics, instead of bitangents, and for high 
enough or zero characteristic). For high enough characteristic, one 
can try to consider the hyperelliptic degeneration of the 
general case, to get an alternative calculation of the Galois group. 

2.11. Remark. In the proof of Theorem II. 4( we use the classification of 
2-transitive groups, which uses the classification of simple groups. This is 
used only to show (in Proposition I8.6|l that the group 5^6(2) is maximal 
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in the group A28 under the embedding SPg{2) ^ 528- One can try to give 
a computerized proof of this maximahty property by adding elements to 
5^6(2) ^ »S'28- Construction of the embedding is given in either |DMj p. 
246, [Harj p. 705 or KX^NPW] p. 46. For generators of this embedding, see 
http : //www. mat .bham. ac .uk/atlas/v2 . 0/ clas/S62/ 

3. REPRESENTING LEVEL-2 INFORMATION WITH A DOUBLE COVER 

3.1. Our objective in this section is to define curves W, Z, X, E, F,Y , mor- 
phisms f,g,Px,PF,PY,QY,QF,Qx and an involution r as in the following 
diagram: 



W 




c z 




\Kc + a\* E 

Eventually we will prove that the double cover Y — > E is the double cover 
from Theorem II. 81 

3.2. Definition. Since h^{Kc + a) = 2 the linear system \Kc + a\ is a line. 
Denote the degree 4 cover C — > \Kc + a\* by /. Define: 

W := C x^Xc+al* C \ diagonal, 

where both morphisms are / : C — > \Kc + a\* . The curve W can be 
realized as the correspondence curve 

W = {(pi,P2)|pi +P2 < Kc + a} (ZC yiC. 

The curve W admits an involution 

T := (pi,P2) ^ {P2,Pl)- 

Define 

Z := W/t. 

The curve Z has a natural involution (which we later denote by a) defined as 
follows: Let r be a point in \Kc + a\*, and let {^1,^2} C f~^{r) be a degree 
2 divisor on the curve C. The involution takes {pi-,P2} to f^^{r) \ {^1,^2}- 
Denote by X the quotient by this involution. By the trigonal construction 
dictionary (see |Doj p. 74), the double cover Z — > X is admissible. 

3.3. Corollary. The arithmetic genera of the curves Z, X are 7, 4 respec- 
tively. 

Proof. This follows from the trigonal construction dictionary (see |Doj p. 
74). □ 
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3.4. Notation. If C is hyper elliptic, we denote the hyperelliptic divisor by 
He- 

3.5. Lemma. // the curve C is hyperelliptic, then the hyperelliptic divisor 
He does not satisfy: 

He <Kc + a. 

Proof. Assume that the above property holds. Since 

h''{Hc) = 2 = h\Kc + a), 

the linear system \Kc + a\ has base points (which sum to Hq + a). This is 
a contradiction to the requirement that the linear system \Kc + Oi\ has no 
base points. □ 

3.6. Lemma. The map 

Sym^C — > Pic^C 

is smooth on Z . 

Proof. The determinant of the Jacobian of this map vanishes exactly when 
Pi + P2 is special, i.e. when 

h^{pi+P2) > 1. 

In this case, the curve C is hyperelliptic, and the hyperelliptic divisor He 
satisfies: 

He <Kc + a. 

By Lemma 13.51 this does not happen in our setting. □ 

3.7. Notation. Denote by the theta divisor of Jac(C). 

3.8. Lemma. The map 

Z — >Qr\{Q + a) 

{Pl:P2} ^Pl+P2 

is an isomorphism. 

Proof. By the definition of Z, it is a bijection on points. By Lemma 13.61 it 
is an injection. To show that it is an isomorphism, it is enough to calculate 
the genus of PI (G + a), which we do by adjunction: 

Ke = (e + i^Pi,2(^))G = G2 

Keme+a) = (G n (0 + a) + Ke){Q n (G + a)) 

~ (G2 + 02)G = 2G^ = 12. 

Whence, the genus of G n (0 + a)s is = 7. □ 
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3.9. Definition. The maps 

i : G n (e + a) — ^ (9 - a) n 9 = (9 + a) n 9 
d d — a 

j : 9 n (9 + a) — ^ (9 - a) n 9 = (9 + a) n 9 
d I— 5- Kc — d 
C7 := i o j : 9 n (9 + a) — ^ 9 n (9 + a) 
d I— > Kc + a — d, 

are commuting involutions on 9 PI (9 + a) (note that a is the quotient 
associated to the admissible double cover Z — > X, see Definition 13. 2|) . 

3.10. Remark. The involution i has no fixed points. 

3.11. Notation. Denote 

Y:=Z/i, F:=Z/j, E := Z/{i,j). 

Denote the quotient maps from Z to E, X, Y, F by qe, qxiQy, Qf respectively. 
Since the involutions i,j,(T on the curve Z commute (see Definition 13. 9j) . 
they induce involutions on the curves X, Y, F. Denote the quotients by 
these involutions by Px,Py,Pf respectively. Denote the involution induced 
by j on X by jx- Denote by S the fixed points of the involution j on the 
curve Z. 

3.12. Lemma. The theta characteristics of C which are contained in Z = 
9 n (9 + a) are exactly the points of S. Moreover: 

(1) They are all odd. 

(2) They are paired, by the involution i, into pairs of the form {z, z + a}. 

(3) There are 12 such points. 

Proof. By the definition of the involution j (see Definition 13. 9|) , the fixed 
points of j are exactly the theta characteristics of the curve C in the curve 
Z. By Definition 13.91 these theta characteristics are paired by the involution 
i. Since the genus of the curve C is 3, if there exists a theta characteristic 
a' such that h^{a') = 2, then the curve C is hyperelliptic, and a' = He, the 
hyperelliptic divisor. However, in this case Hq < Kc + a, and by Lemma 
13.51 this is impossible. Whence, all the theta characteristics in S are odd 
(since they are effective). Recall that the cover 

rf °f distinct ^ [2] ^ |o} 

odd theta cliaracteristics ^ ' l j l j 

{^1,^2} ^^1-^2 

is SPq{2) equivariant, and that the group SPq{2) acts transitively on Jac(C)[2]\ 
{0}. Whence, all the fibers of this map are of the same size: (^^^) /63 = 6. 
By their definition, the pairs in each fiber do not intersect. □ 

3.13. Lemma. The singular points of the curve Z are not in the set S. 

Moreover, these points are paired by the involution a. 
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Proof. By the trigonal construction dictionary (see |Doj p. 74), the singular 
points of Z = n (B + a) are halves of Kc + a in Sym?'{C). However, in 
Lemma 13.121 we proved that in the set E there are only halves of Kc- By 
the trigonal construction dictionary singular points in Z arise only if there 
are two points pi,P2 & C such that 2{pi + P2) = Kc + a. In this case 

2{Kc + a-{pi+ P2)) = 2Kc + 2a - Kc - a = Kc + a. 

□ 

3.14. Notation. Denote the 6 pairs of odd half theta-characteristics in S 
by {hi, li2}i<i<Q- Denote by l*^ the images in \Kc\ = P^* of the Uj. Denote 
by gi . . . the points of Ti/i. The qis are identified as the 6 ramification 
points of Y — > E over smooth points. 

3.15. Corollary. The double cover F — E is admissible. The cover Y — > 
E is admissible over the nodes of the curve E. 

Proof. By Definition 13.91 the curve Z can be realized as F x e X . As the 
singular points of the curve Z are paired by the involution a, the admissibil- 
ity of the double cover F — > E follows from the admissibility of the double 
cover Z — > X. By Lemma 13.131 the double cover X — > E is etale over 
nodes. Since the double cover F — E is admissible over nodes and since 
the curves Y, F, X are the intermediate quotients of the cover Z — > E, the 
cover Y — > E is admissible over nodes. □ 

3.16. Corollary. The arithmetic genera of the curves E,F,Y are 1,1,4 
respectively. 

Proof. This follows by the Riemann-Hurwitz and counting singular points. 

□ 

3.17. Definition. Denote by A; : C ^ l^c|* be the canonical embedding. 
Define the maps tp and ip by: 

^ : Sym^C \Kc\ 

{Pl,P2} ^ HPi)HP2), 

ip-.F^ \Kc\ 

{{Pl,P2}, {P3,P4}} ^ {Pl,P2,P3,P4}- 

Note that by the definition of the curve F, the map ip restricted to the curve 
Z factors through the map ip. 

3.18. Lemma. If the curve F is not the irreducible nodal curve of arithmetic 
genus 1, then the map ip : F — > \Kc\ is an embedding, and the image is a 
plane curve of degree 3, with at most nodes. 

Proof. Through any point in p £ C C \Kc\* there are 3 lines connecting 
it to each of the three points which complement p to Kc + a. Generically, 
these line are distinct. Whence, the image of the map ip is a curve of degree 
3, and the map ii? is an immersion. A plane cubic which is not the cuspidal 
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cubic has at most nodes, and its arithmetic genus is 1. Since the arithmetic 
genus of F is 1, if the image of is not the cuspidal curve then ip is an 
embedding. If the image is the cuspidal curve then, since the arithmetic 
genus of the F is 1, the curve F is an irreducible nodal curve of arithmetic 
genus 1. □ 

4. The Prym of the double cover 

4.1. The section has two objectives. The first is to prove (in proposition l4.(i|) 
that if the curve E is irreducible, then it is smooth. The second objective is 
to calculate the variety Piym(Y/E) in terms of the variety Jac(C) and a, 
this objective is not essential to the proof of Theorem 11.41 

4.2. Notation. Denote by Z,X,F,Y,E the normalization of Z,X,F,Y,E 
(see Definition \'A.2\ and Notation IH.llj) respectively. 

4.3. Lemma. The Norm map 

Norm : Prym(Z/X) — > Prym(y/£;) 

is an isogeny. 

Proof. We prove that the induced map of tangent spaces is an isomorphism. 
Consider the homology groups H^{—,0,^) of the curves in the diagram: 



Z 




X F Y 




E 

as G = Gal{Z/E) modules. Denote 

M := H°{Z,n\). 

The group G has only 3 non-trivial characters: Xi: Xji Xu Where 

ker(xx) = {l;^;} for all x G G \ {1}. 

Denote by xi the trivial character and by the Xx eigenspace of M. For 
any G-module A, denote by the elements of A fixed by the action of x. 
The following identities hold: 

H°{z, n\) = Ml e Mi e Mj e m^ 

i/°(F, n^) = Mi © m/ e M| © M;j = Ml © Mj, 
H\E,nl) = Mi. 
Since the genera of E, F are equal, then Norm map 
Norm : H°{F, Q)^) — > H°{E, 
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is an isomorphism. Whence, Mj = 0. Moreover, we have: 



if°(y, n\.) = Mi ®Ml®Mi = Mi® Mi, 
H°{x, n\) = Ml e Mf e = Ml © m„. 



Whence, Norm : H^iZ — > H^iY induce an isomorphism 



Mi ^ ker(Norm(if°(Z,0|) — > H^{X,^\))) 



Therefore it induces an isogeny on the Pryms. 



□ 



4.4. Lemma. The kernel of the norm map: 

Norm : Prym(2'/X) — > Prym(y/S), 
is a subset ofFrym(Z/X)[2]. 

Proof. Denote by [2]_ the multiphcation by 2 operator on an Abehan group. 
Note that: 

qY:,qY ■ Jac(y) — > Jac{Y) = [2]jac(y). 
Denote by the restrictions of maps qY^iQy to the Abehan varieties 

Prym(y/i?), Prym(Z/X) respectively. We then have 

tl^^Tp* = [2]pi.ym(y/i7;) ^ 

= i^*[2]prym{Y/E)i^* = ^* V'* [2]prym(Z/X) 
1p*tp^ = [2]prym(Z/X)- 

Therefore the kernel of the norm map is a subset of Prym(Z/A')[2]. □ 

4.5. Lemma. // the curve W is reducible then the cover C — > \Kc + cx\* 
has an intermediate factor. 

Proof. If the curve W is reducible then the Galois group of the Galois closure 
of the cover C — > is either of D^, Z/4Z, Z/2Z x Z/2Z. In each of these 
cases the cover C — > \Kc + ct\* has an intermediate factor. □ 

4.6. Proposition. // the curve E is irreducible, then it is smooth. 

Proof. Assume that the curve E is singular and irreducible, Since its arith- 
metic genus is 1, it has one node. By Corollarv 13.151 The curves F,Y are 
admissible covers of E. Thus each of them has one node. By Lemma 14.41 
the kernel / of the norm map 



is a subgroup of Jac(C)[2]. The action of SPq{2) on the odd theta char- 
acteristics is 2-transitive (see jCCNPW] . p. 46, ^M] 246-248). By the 
monodromy argument (Lemma 12. 8j) . the kernel / of the isogeny above can 
only be one of the following subspaces: 



Jac(C) ^ Prym(Z/X) 



Prym(y/^) ^ Jac(y) 



0,Jac(y)[2]. 
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In either case, we have 

Jac(y) ^ Jac(C7). 

By Torelh, C = Y . i.e. the curve C is hyperehiptic. Denote by pi,P2 the 
two points in Y which he over the singular point of Y. We wih use two 
consecutive monodromy arguments to show that a + Hq ^ Pi + P2- Since 
the stabihzer of the odd theta characteristic pi+P2 in SPq{2) is transitive on 
the even theta characteristics (see CCNP'^ p. 46), the theta characteristic 
a + He is odd. Since the group SPq{2) is 2-transitive on the odd theta 
characteristics (see |DMj p. 247) the equahty a + He ~ Pi + P2 holds. 
Therefor the linear system Kq + a has two base points. □ 

4.7. Theorem. // the curve E is smooth, then under the identification 
Fiym(Z/X) = Jac(C) (see Do Theorem 2.11), the kernel of the norm 
map 

Jac(C) ^ Prym(Z/X) — > Prym((Z/f )/£;), 

is a-*-. 

Proof. The identification Prym(Z/X) ^ Jac(C), identifies Prym(Z/X)[2] ^ 
Jac(C)[2]. By monodromy considerations, it can only be one of the following 
subspaces: 

0, (Q),a^, Jac(C)[2]. 

The double cover Y — > E has exactly 6 ramification points. Choose some 
partition to pairs of these ramification points. The singularization on these 
pairs (see Notation 12. 5() is an admissible cover. By Lemma 12.41 the polar- 
ization type of Prym(y/£') is 2^1^. The only possibility for the kernel is 
therefore the group a^. □ 

5. The plane configuration 

5.1. We have already identified two of the moduli spaces appearing in the 
statement of Theorem II. 81 In this section we identify the third moduli space, 
and prove Theorem EH In Theorem 15 . Ifll we identify the hyperehiptic locus 
(where the theta characteristic a + He is even) . Throughout this section we 
assume that the cover C — > \Kc + a\* does not have an intermediate factor. 
Recall that by Lemma 14.51 and Proposition 14.61 the curve E is smooth. 

5.2. Lemma. Let R he a set of 6 distinct points on E. There is an iso- 
morphism between the coarse moduli spaces describing the following sets of 
data: 

• Emheddings of E in such that R is contained in a conic Q; up to 
projective transformations. 

• Double covers vr : S — E, with an associated involution ijr, such 
that the ramification divisor is R; up to isomorphisms. 



Proof. 
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From Q to S: Let K{E) be the function field of E. Denote By r/g the 
function defining Q in P^, and by rji a hnear form on P^. Let S be the 
smooth projective model of 



K{E){^^f). 

From S to Q: Consider the group {Id,i,r} of automorphisms of S. In a 
similar fashion to the proof of Lemma 14.31 the characters of this group 
induce a decomposition of vr^O^. The 1 eigenspace is O^;, so we have: 

t:,Os = Oe®Oe{-L), 

for some divisor L on E. However, we now have (see [HaJ p. 306) 

Oe{-R) = det(7r,05) = Oe{-L)''^ = Oe{-2L), 

Or ii ~ 2L. This means that under the embedding given by the linear series 
\L\: 

the points of R sit on a conic Q. These constructions are the inverse of one 
another. □ 

5.3. Notation. Given a double cover vr : S — > E and an embedding E ^ 

p2 

as in Lemma 15.21 denote the Q from Lemma 15.21 by Qs (it is defined 
up to the projective transformations that fix C P^ as a set). Denote the 
divisor L from the proof of Lemma 15.21 bv L5. 

5.4. Lemma. Given plane curves Qs, E as above, denote byr]Q,r]E € F[xo,xi,X2] 
homogeneous polynomials for Qs,E respectively. The curve S is the com- 
plete intersection of the following surfaces in F^. 

• Q3, a cubic given by rfE := rjE £ P[xo, xi, X2] C F[xo, xi,X2, 3:3] 

• Q2, a quadric given by rfq := tjq + £ ¥[xo, xi, X2, X3] 
Moreover, this intersection is transversal. 



Proof. By the proof of Lemma 15.21 The curve S is the complete intersection 
Q2 n Q3. Since One of the surfaces is a quadric and the other is a cubic, 
The complete intersection Q2 H Q3 is the canonical embedding of in P^. 
We will check that the surfaces Q2 , Qs intersect transversely by calculating 
the rank of the Jacobian matrix of the intersection: 

Vr?l5 J \V7]E 
The case X3 7^ 0.' Since E is smooth, VrjE 7^ and: 

rank ( I^'Q ^^^^ 

The case X3 = 0; Since E,Qs intersect transversally. 



Q , - 1 + rank(V??£;) = 2 



rank ( ' = ^■ 



□ 
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5.5. Notation. Given plane curves Qs, E as above denote by Q2{S/E), Q-i{S/E) 
the surfaces (52, Qs appearing in the proof of Lemma WM 

5.6. Notation. Recall (Lemma I3.16|) that the genera of the curves E, F 
are both 1. Denote by (3 generator of ker(F — > E), and by /?' the unique 
generator of the image of Pic(F)[2] under the double cover F — > E. 

5.7. Lemma. There is a natural isomorphism of sheaves over the curve E: 

Py,{Oy)^Oe{P')=Px,{Ox). 

Proof. By Definition 13.91 the curve Z can be realized as the fibered product 
Y xeF. Whence (recall Notation 

{qE)*Oz =Py^Oy ®Pf*Of 

={Oe e Oe{-Ly)) ® {Oe e Oe{0)) 

=Oe e Oe{0) e Oe{-Ly) e Oe{-Ly + /?')• 

Decomposing this sheaf to irreducible representations of Gal{Z/E) (as in 
the proof of Lemma 14.31) . the result follows. □ 

5.8. Corollary. The following identity hold: 

Ly-Lx= P'. 

Proof. This follows from Lemma 15.71 □ 

Proof of Theorem M.^ By the results of this section, we see that there is an 
equivalence between the following sets of data 

• Ramified double covers S/E., of irreducible smooth curves of genera 
4, 1 respectively, such that E is smooth. 

• Configurations of plane curves Qs,E of degrees 2,3 respectively, 
where E is smooth, and E, Qs intersect transversally. 

• configurations of Q2{S/ E),Q'i{S/ E): a quadric and a cubic in P^, 
which arise from a plane configuration. 

The curve C defines the pair {{Y — > E),(3') as in Sectional By Proposition 
14.61 the curve E is smooth. By the trigonal construction dictionary (see |Doj 
p. 74) the curve X is smooth. By the proof of Lemma 15.41 the intersection 
Qx^E is transversal. By Corollarv l5.81 the intersection QyHE is transversal, 
and by the proof of Lemma 15.41 the curve Y is smooth. To show that this 
map is a bijection (on the coarse moduli spaces) we construct the inverse of 
the map: observe that 

• The curve Z satisfies Z = Y x e {E/ (3'). 

• By Corollarv l5.81 the curve X is uniquely defined by the double cover 
Y — > S and the element/3' G Pic(^)[2] \ {0}. 

• Generically, the curve X has exactly two g\s, which are conjugate 
under the action of jx (recall the definition of the involution jx 
in Notation 13.11|) . Therefor these g\s are given as the rulings of 
the quadric Q2{X/E). Taking flat limits the map g : X — > is 
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always one of the ^38 appearing as a ruling of the quadric Q2{X/E). 
There are at most two such g^s, and they are conjugate under the 
involution jx ■ 

• The map / : C — > is the trigonal construction on the tower 

Z — > X ^F^. 

□ 

5.9. Proposition. A pair (C, a) fails the requirements of Notation I j.61 if 
and only if the curve C is hyperelliptic and the theta characteristic a + Hq 
is odd. 

Proof. 

The non-hyperelliptic case: For different indices i, the bitangents l*i,l*2 (see 
Notation 1111 4|) intersect the canonical model of the curve C at different 
points. By the definition of lij, the four bitangency points of In U li2 to C 
sum to Kc + a. 

The hyperelliptic, even a + Hq case: Since a + He is even there are two 
non- intersecting sets of four Weierstrass points (each) which sum to K + a. 
The hyperelliptic, odd a + Hq case: By assumption, there exist two points 
Pi,P2 € C such that a + Hc = Pi+P2- Whence, Kc + a = Hc+Pi+P2- D 

5.10. Theorem. The following statements are equivalent: 

• The curve C is hyperelliptic and a + He is an even theta character- 
istic. 

• the conic Qx (see Notation \5.'^) is singular. 

5.11. The proof of this theorem is not direct. We will use some preliminary 
lemmas: 

5.12. Lemma. If Qx is singular, then there exists a map ti : E — > P^ of 

degree 3, and a map t2 ■ P^ — > P^ of degree 2 such that: 

hopx =t2 g. 

(Recall the definitions of g,px in \3.1\ and Nota.tion \'-i.ll\ respectively) 

Proof. Since the surface Qx is singular, the quadric Q2{X) has only one 
ruling. Therefore, with the appropriate choice of coordinates (see Notation 

Emi), 

9 = 3x{g) => jx{g)-g = g^- 

□ 

5.13. Notation. We consider the group S4 x (TLjT). We denote by p\ and p2 
the projections on the first and second factors. For any subgroup G C 54, 
denote 

G' :={(7,sign(7))|7GG}. 
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5.14. Lemma. Let G be a subgroup 0/6*4 x such that 

G 75 {1} X Z/2Z, G<^SiX {1}, pi{G) D S3, 
Then G = S'^. 

Proof. If G is a subgroup of ^4, there are exactly 3 subgroups G C ^4 x (Z/2) 
such that piG = G. These are: 

G X {1}, G x Z/2Z, G'. 

□ 

5.15. Lemma. Let A4 C be a 5- dimensional subscheme that parame- 
terize a family of smooth curves of genus 3 with involutions, then M is a 
subset of the hyperelliptic locus of M.3. 

Proof. The quotients by an involution on a curve of genus 3 can be of genus 
0,1 or 2. By Riemann-Hurwitz, in these cases, there are 8,4 and branch 
points respectively. Therefore, there are only 4 parameters if the genus of 
the quotient is 1, and only 3 parameters if the genus of the quotient is 2. 
Since a smooth limit of a hyperelliptic curve is hyperelliptic, the assertion 
is proved. □ 

Proof of Theorem \5.1(A Since Qx is singular, the quadric Q2{X/E) has only 
one ruling (recall form Lemma 14.51 that X is irreducible). By Lemma 15.121 
the map g ■ jxig) factors through E. The situation can be summarized in 
the following commutative diagram: 



W 




Denote by F, W the Galois closure of the covers F/Fj^, W/Fj^ respectively. 
Claim 1. The Galois group of F/Fj^ is a subgroup of S4: Since F/E is 
unramified, this follows from the trigonal construction properties (see |Doj 
p. 71-72). _ _ 

Claim 2. The equality W = F x^i F\- holds: Since X = E Xjpi F\-, there 
exists a cover 

F xpi Fl Z. 

lo 
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Since the Galois closure of Z/Fj^- is the Galois closure of C /Fj^-, there exists 
a cover 

^ ><pi ^hi — ' c. 

lo 

Hence, there exists a cover 

F Xpi Fl W. 

lo 

This gives a bound from above on the Galois closure. However, since the 
Galois group of the Galois closure of C /F\- is ^4, we know that 

Gal{W/Fl) D S4. 

Claim 3. The group corresponding to C in the Galois extension W /Fj^ is 
(see Notation \5.13\) : This group satisfies the requirements of Lemma 15.141 
Claim 4- The curve C is hyperelliptic, and a is even: Since 

[^3 X Z/2Z : S'^] = 2, 

the curve C is a double cover. Since the curve X has 5 parameters, the 
curve C has 5 parameters too. By Lemma 15.151 the curve C is hyperelliptic. 
By Proposition 14.61 the theta characteristic a is even. 

Claim 5: For any hyperelliptic C and a even, The quartic Qx is singular: 
This follows from irreducibility and dimension arguments on the moduli 
space 

{(C, a) I genus (C) = 3,a G Jac(C)[2] \ {0},a + He is even}. 

□ 

6. BiTANGENTS OF A CANONICALLY EMBEDDED QUARTIC 

6.1. In this section we assume that the curve C is not hyperelliptic, and that 
the cover C — > \Kc + does not have an intermediate factor. By Propo- 
sition EHl for any a, the pair (C, a) fulfills the requirements of Notation 11.61 
Recall (see Proposition 14.61 and Theorem 15. lUj) that both curves E,Qx are 
smooth and intersect transversally. Our main goal in is section is Theorem 
01 in which we describe the plane data (S,Qy C |P^),/3' G Pic{E)[2] in 
terms of the lijS. 

6.2. Definition (The chord construction (c.c.)). Let y be a smooth curve of 
genus 1, and 7 G Pic(y)[2] \ {0}. Denote V := V/^. Let ^ be the quotient 
map V — > v. Denote by 7' the unique non-zero element in ^^,(Pic(y)[2]) 
(we then have V'/j' = V). Let fiy ■ V — > be a smooth embedding. 
Define 

^y, : V' p2* 

{p,P + l} ^ lJ'v{p)l^v{p + l) 

6.3. Lemma. The c.c. is a smooth embedding, moreover, if fivip) "is a flex, 
then so is fJ-i/'iT^ip) + 7')- 

Proof. This is a classical theorem. See (LLj Theorems 3 and 4, or |Saj 
chapter V section V or |Dol2j . □ 
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6.4. Proposition. In the notations of Definition \8.1'l\ the following proper- 
ties hold: 

(1) The involution induced by i on the points of the curve F acts in 
the following way: Let {^1,^2} be a point in Z, and let p\P2 be the 
corresponding line in the curve F C \Kc\- There is a unique pair of 
points {p3,p^} s.t. Kc + a ~ Pi + P2 + P3 + Vi- We then have 

(2) The curve E embeds naturally in \Kc\* as the c.c. of ip, (as the 
intersection point of each of the pairs of lines {l,i{l)}). 

(3) The ramification points of Z — > F in \Kc\ — P^* are the 12 bitan- 
gents to C , which match the 12 effective theta characteristics in Z. 
(see lemma TB.12^) 

(4) The ramification points of the double cover X — > E are in 1-1 
correspondence with the pairs of bitangents to C in F. 

6.5. Notation. Denote by Spi the map: 

spi : X — > Sym¥^ ^ P^ 
((xo; xi), (2/0; 2/1)) ^ (2:0^0; xqvi + xiyo; xiyi). 

6.6. Lemma. The quotient px ■ X — > E can be extended to a quotient map 
Q2{X/E) — > P^. Moreover, in suitable coordinates on F'^ D Q2{X/E), this 
quotient map can be identified with the quotient map Spi (from notation \6.5\) . 

Proof. 

Claim 1. Existence of the extension of the quotient map on Q2{X/ E): Keep- 
ing the coordinates of the proof of Lemma 15.41 P^ is realized as a cone over 
P^. By the proof of Lemma 15.41 the vertex of this cone is not in the sur- 
face Q2{X/E). Whence, each chord of the cone intersects Q2{X/E) at two 
non- vertex points (counting multiplicities). The projection of the base of 
the cone (P^) is a quotient which restricts to the involution jx on the curve 
X. 

Claim 2. Identification of the quotient maps Q2{X/E) — > P^ and Spi.' 
Choose coordinates on P'^ such that Q2{X/E) is given by the zeros of xqx^ = 
xiX2- The quadric Q2{X/E) is the image of 

P^ X P^ — > P^ 
{{uo;ui),{vo;vi)) ^ {uqvq; uqVi; uivq; mvi) . 

The involution spi identifies (xq; xi; X2; X3) with (xq; X2; xi; X3). Fixing 
P2 := Z(xi - X2) and infinity as (0;1;-1;0), we see that the property 
holds. □ 

6.7. Theorem. The ramification points of the double cover X — > E sit 
under the embedding E C f'^ from Proposition \ 6.4\ on the conic Qy (see 
NotationT^). 
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Proof. Given a canonical map k : C ^ P^, The following commutative 
diagram describes the construction as presented in Proposition 16.41 




Sym^pi ^ p2 ^ E F P^* = \Kc\ 



(Note that Q2{X/E) ^ pi x P^ by Theorem . We identify two embed- 
dings E — > p2. The first is i^; in the diagram. The second is the c.c. (see 
Definition 16 . 2() of ip and /3. Let us fix some q (z C and consider the degree 3 
divisor on Z: 

D := {{pi,p2}\{puP2} Z} C Z. 

The images of D in P2* and P^ are subsets of the following hyperplanes 
(respectively). 



i^{iz{D)) c {{k{pi)k{p2)}\pi eC} = k{p2y 
Spi{(t){D)) = spi{{{g{pi +P2),g{Kc -Pi -P2))\{pi,P2} G Z}) 
Cspi({/(P2)} xpi) 

By the definition of the quotient Spi (see Notation 16. 5|) . the last divisor 
above is a line in P^. Let / be a line in \Kc\- As proved above, the image 
of the set F fi / under the map ie o it are three collinear points in P^. The 
divisor class of the sum of these 3 points is Lx- Denote by /' a line in li^cT; 
and by E the image of the c.c of ip and p. By Lemma 16.31 

Lx + p' = l'n E. 

However, by Corollarv 15.81 Ly = Lx + P- Since the ramification locus of 
spi is Qx, we are done. □ 

6.8. Theorem. For pairs (C, a) such that the curve C is non-hyperelliptic 
and such that the cover C — > \Kc + a|* does not have an intermediate 
factor, the following properties hold: 

(1) The curve F is naturally isomorphic to the unique degree 3 curve 
passing through the points 

(2) There exists /3 G Pic(F)[2], s.t. l*^ -l*2=P for alll<i<6. 

(3) The curve E is naturally isomorphic to the chord construction on 
the curve F and p. Under this construction, the points l*^ collapse 
to 6 points on a conic. 

(4) The information encoded in each of the following objects is the same: 

• The 12-tuple {lij}i<i<6,j=i,2 (viewed as points in \Kc\), with 
the choice of a pairing, both determined by a. 

• The curves E,Q embedded in P^, and a choice of an element 
p' G Pic(^)[2] 

Proof. Recall that by Proposition 16.41 the following properties hold: 
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• The 12-tuple {l*^} is contained in the degree 3 smooth curve F. 

• The pairing on the 12-tuple {^ij} defines an element 

/? G Pic(F)[2] \ {0}. 

• The image of the c.c (see Definition 16. 2p applied to the curve F, and 
the divisor (3 is the curve E. 

In Theorem 16.71 we proved that the c.c on the curve F, and the divisor /3 
sends the 12-tuple {l*j} to 6 points on the conic Qy- The double cover 
F — > E determines a unique divisor 

13' G Pic(^)[2] \ {0} 

(see Notation 15. 6() . By Theorem 11.81 the information in E,Qy,(3' is in 1-1 
correspondence with the information in (C, a). □ 

6.9. Proposition. Any 9 of the bitangents Uj, with at least one marked pair, 
determine the other 3 bitangents, and the pairing on all 12 bitangents. 

Proof. The 9 points 1*^ define a unique cubic. The marked pair determines 
a chord construction. By Theorem 16. 7( the images of the 12 points l*j under 
the c.c. sit on the conic Qy- However, as 5 points determine a conic, and 
the c.c. is a double cover, the conic Qy is defined by the images of the 9 
given points. There are 6 points in the set E n Qy, which pull back to 12 
points under the double cover F — > E. □ 

6.10. Proposition. There is no non-trivial projective transformation that 
fixes the set of bitangents lij (as a set). 

Proof. Such a transformation stabilizes F, and the dual transformation sta- 
bilizes both E and Q. □ 

7. Curves with automorphisms 

7.1. In this section we analyze the degeneration of Theorem ll.8l to the case 
where the cover C — > \Kc + has an intermediate factor. Recall that by 
Lemma 14.51 either the cover / : C — > \\Kc + ot\* is Galois, or the Galois 
group of the Galois closure is the group D4. Recall also that by Lemma Fd.lHl 
the map F — > \Kc\ is an embedding, and the image is a curve of degree 3. 

7.2. Proposition. // the cover f : C — > \Kc + a|* is Galois then 

(1) The curve F is a union of 3 lines, mapped under ip ■ F — > \Kc\ to 
a union of 3 lines. 

(2) There are exactly 4 bitangents on each of the components 

(3) The pair C, a can be reconstructed from the curve F and the 12 
marked points. 

Proof. By Galois correspondence, 

w = cWcWc. 

Whence F is a union of 3 lines. By symmetry considerations, there are 
exactly 4 bitangents on each of them. □ 
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7.3. Proposition. // the cover f : C — \Kc + a\* is not Galois, and the 
Galois group of the Galois Closure is not S4 then 

(1) The Galois group is D^. 

(2) The curve F is a union of two lines, mapped under ip : F — > \Kc\ 
to a union of a conic and a line. 

(3) There are 8 bitangents on the component which maps to a conic, and 
4 bitangents on the other component. 

Proof. By Galois correspondence the curve C has a double quotient. Denote 
this double quotient by C". Define the tower of curves: 

to be the bigonal construction on the tower 

C — >C' — 

By Galois correspondence, the curves Z, X decompose to 

Z = Zol[C', X = XoI[f\ 

Therefor the curve is a union of two lines. Since the cover F — > E 
is admissible (see I3.15|) . the curve F is a union of two lines. Since the 
case describe in proposition [7| is a degeneration of the current case, there 
are exactly 4 bitangents on one of the components. Whence, there are 8 
bitangents on the other components. As the arithmetic genus of -F is 1 the 
map ip maps one of these components to a line, and the other component to 
a conic. Since component with 8 lijs degenerate in proposition d to a conic, 
it is a conic. □ 

7.4. Lemma. The curve C C |i^c|* is determined by the set lij, with the 
pairs marked on it. 

Proof. The curve F is the unique cubic through the lijS. Since the irreducible 
components of the curve F are rational, the curve Z is the unique double 
cover of the curve F with the given ramification points lij. Applying the 
same argument on the curve E the curve X is also well defined. Thus the 
curve X is the unique quotient of the curve Z which identifies the pairs of 
the lijS. The curve C is the unique curve whose Jacobian is isomorphic to 
Prym(Z/X). 

An automorphism of the projective plane \Kc\ which fixes the set of 
points lij, and their pairs structure, fixes the curve F as a set. Thus it 
induces an automorphism of the curve Z. this automorphism commutes 
with the projection to Z — > X. Whence it induces a automorphism of 

Prym(Z/X) ^ Jac(C). 



This automorphism induces an automorphism of image of C under the 
canonical embedding. □ 
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8. Reconstruction of smooth plane quartics form their 

bitangents 

8.1. We consider only non-hyperelliptic curves C. By Theorem 16.81 Propo- 
sition E^Hl and Lemma l7.4( we know how to reconstruct a quartic given the 
bitangents plus some combinatorial structure (the 12-tuples, and pairing on 
each of them). We have to relax this assumption. The technique we use is 
group theoretic. 

8.2. Notation. Any element 7 € Jac(C)[2] \ {0} marks a 12-tuple on the 
28 bitangents. Denote this 12-tuple by ^(7). These 12-tuples has some com- 
binatorial intersection structure, which we call the combinatorial structure 
associated to the 28 bitangents. We call the pairing induced by +7 on the 
set 0(7) the pairing on ^(7). 

8.3. Proposition. The image of the map 

pairs of points in S/q — > Jac(C)[2]/a 
Ui,Qj} ^ qi- qj 

is an isomorphism to {a-^/a) \ {0}. The pullback to of the Weil pairing on 
the R.H.S. under this isomorphism is given by the intersection pairing. 

Proof. Denote by Ga the stabilizer of a in SPq{2). Note that: 

• The map above is a non-trivial Ga equivariant map 

• Since SPq{2) is transitive on pairs of element in Jac(C)[2] \ {0} 
with the same pairing, the action of Ga on Jac(C)[2]/Q! has exactly 
3 orbits: 

0, (a^/a) \ {0}, (Jac(C)[2] \ a^)/a 

of sizes 1, 15, 16 respectively. 

Since 6-5/2 = 15, the image is the second orbit. The action of the group Ga 
on both sides map pairs with the same intersection cardinality to elements 
with the same Weil pairing. By another counting argument, the Weil pairing 
is 1 if the two sets on the L.H.S. intersect in a non trivial set. □ 

8.4. Corollary. The combinatorial structure on the 28 bitangents deter- 
mines the pairing on each of the ^(7). 

Proof. Denote by 7,7' two distinct elements in Jac(C)[2] \ {0}. 

Claim 1 If (7,7') = then ^(7) n ^(7') is a translate of the isotropic group 

{0, 7, 7', 7 + 7'}: Note that if 6*1 G 61(7) n e{-f') then 

^1 + {0,7, 7', 7 + 7'} c 0(7) n 0(7'). 

However, by Proposition 18.31 there is exactly one translate of the group 
{0, 7, 7', 7+7'}/7 in 0{'y)/^. Thus, there is exactly one translate of {0, 7, 7', 7+ 
7'} in 0(7)- 
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Claim 2 If (7,7') = 1 then 3|#6I(7) n e{j'): Since the group SP6{2) acts 
transitively on pairs of points in Jac(C)[2] \ {0} with the same Weil pairing 
the number #^(7) H ^(7') is constant. By a similar transitivity argument 
for each p E ^(7) then number 

fc:=#{7'G Jac(C)[2]\7^bG^(7')} 

is constant. Whence, 

63 • 30 • #0(7) n 0(7') = 63 • 12 • ^ 3|#0(7) n 9{j') 

Claim 5 The combinatorial structure determines the pairing on the 12-tuples: 
for any 7 G Jac(C)[2] \ {0} the equality 

7^\{7,O} = {7'i#0(7')n0(7)=4}. 

holds. Moreover the set {qi, ■ ■ .Qq} is the set of non trivial intersections of 
the sets 9{j) (1 0{i) where 7' G 7^ \ {7, 0}. □ 

8.5. Proposition. There exists a unique (up to automorphisms of S2?,) em- 
bedding 

SPe{2) ^ S2S. 

Proof. See |DMj chapter 7.7 for proof of the uniqueness, see |DMj p. 46, 
|Harj p. 705 or |(X]NPWj p. 46 for the construction of the embedding. □ 

8.6. Proposition. The only groups that strictly contain SPq{2) under the 
embedding SPq{2) ^ 528, o,^^ ^28)5'28- 



Proof. There are only 6 2-transitive groups on 28 elements (see |DMj chapter 
7.7 for a complete list of the finite 2-transitive groups) 

Group order 



^28 28! 

^28 28!/2 

SPe{2) 63 • 30 • 12 • 8^ = 1451520 

PSL2{9) (2!^|K^ = 360 

PSUsiS) 6048 

R{3) (33 + 1)33(3 - 1) = 1512. 



(See ICCJNPWj p. x for the size of PSU3{3) and |DM] p. 251 for the formula 
of the size of i?(q').) □ 



proof of Theorem \1.4\ We consider the following objects: 
The set of smooth plane quartics. 
*B: The set of possible sets of bitangents + the combinatorial structure 

of the 12-tuples. 
55 C Sym'^^P^: The set of possible sets of bitangents. 
^ C (P^)28: The pullback of 55 under {F^f^ — > Sym^^^. 
5So C 53: a connected component (they are all isomorphic). 



RECONSTRUCTION OF QUARTICS 



23 



Note that C is an irreducible quasi-projective variety. The cover is 
etale and Galois, therefore so is 53o/53. By Corollarv l8.41 the map ^ — > *B is 
1-1. By |Harj Result (ii) p. 687, the monodromy group of the 28 bitangents: 
Gal(^o/€), is 5^6(2). By definition, 

Gali^o/^) C Ga/((p2)2VSym2¥2) = Sss. 

The situation can be summarized in the following diagram: 



53, 



C /pax 28 







SP^{2) 



OS; 




^'^ ^ Sym 



: S2e, 



28tii)2 



Let US suppose that Ga/(*Bo/*B) 2 SPq{2). By PropositionESl Ga/(«Bo/*B) D 
^28- Consider a 12-tuple of the associated combinatorial level-2 structure. 
Denote by F the unique cubic on which these 12 bitangents sit. By Lemma 
14.51 if the curve F is not smooth, it is reducible. In this case there is no 
3-cycle which permutes the lijS between the irreducible components of F, 
but fixes all but one of the pairs in each component. If the curve F is smooth 
then by Lemma 18.41 and Proposition 16.91 there is no 3-cycle in Ga/(*Bo/53) 
that breaks the unique level pairing on the 12-tuple. □ 

8.7. Remark. It seems that an alternative proof for the reconstructability 
can be given using Aronhold systems, along the same lines of the proof 
above: 

Aronhold systems are preserved by the Galois group action on the bitan- 
gents. Let us find the group G C SPq{2) fixing a specific system. Since 
5^6(2) is transitive on bitangents, G C SPq{2). Whence, \i K d SPq{2) is 
the maximal subgroup containing G, then [K : G]|288. There is only one 
such group: O^, where [SPq{2) : O^] = 36, and = Sg- This group 
is also transitive on the bitangents, so G C Oq . The group 5*8 has only 
two subgroups G s.t. [Ss ■ G]|8: As and Sj. The group As is again "too 
transitive" (since [Ss ■ Ag] = 2), so G = S^. The kernel of the action of 5*7 
on the bitangents is either one of 1,^7,5*7. As acts transitively on the 
bitangents, and [Oq : G] = 8, the kernel has to be 1. i.e.: the action of G 
on the system is the symmetric action. We use a similar technique to the 
one applied in the proof of theorem 11.41 The subgroup of ^428 acting on a 
7-tuple via ^7 is ^28 H {S21 x ^7). The group G is a strict subgroup of this 
group. 

The details of this sketch have not been thoroughly checked. 
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